Putnam Competition Preparation Generating Functions

Putnam Practice Session

Generating Functions: Tools, Facts, and Applications

Overview & Pedagogical Goals

Generating functions are among the most powerful algebraic unified frameworks in combinatorics,
probability, and number theory. By encoding a sequence (ag,ai,as,...) into the formal coeffi-
cients of a power series A(z) = Y 7 apx™, combinatorial operations (such as convolution, subset
selection, and recurrence relation solving) translate directly into algebraic manipulations.

This packet is organized into three parts:

1. Study Guide & Fundamentals: Key series expansions, operational properties, bivariate
series, and introductory exercises with solutions.

2. Selected Putnam Problems: Five accessible Putnam problems (ranging from 2003 to 2024)
whose solutions leverage ordinary and exponential generating functions.

3. Solutions & Mathematical Commentary: Rigorous proofs and step-by-step commentary
for all five selected problems.

1 Study Guide & Core Principles

1.1 1. Ordinary and Exponential Generating Functions

Definition 1 (Ordinary Generating Function (OGF)). The ordinary generating function
of a sequence (ag,a1,az,...) is the formal power series

A(z) = i anz”.
n=0

The operator [z"]A(x) denotes the coefficient of z™ in A(x), so [x"|A(z) = ap.

Definition 2 (Exponential Generating Function (EGF)). The exponential generating
function of a sequence (ag,a1,as,...) is defined as

%9 "
n=0 )

EGFs are especially well-suited for structures involving labeled objects, permutations, and set
partitions.
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1.2 2. Fundamental Expansions and Operational Rules

Theorem 1 (Essential Power Series Expansions). The following formal series expansions are foun-
dational in competition problem-solving:

1. Geometric Series:

_Zaz (lz| < 1).

2. Negative Binomial Expansion: For any integer k > 1,
1 (n+k—1 n
(1—a)F ‘Z< k-1 )“’” |
n=0
3. Generalized Binomial Theorem: For any real a € R,

a5 (7)o vhen (2) < 20D a0

n=0

4. Exponential and Logarithmic Series:
o0 o0
. T 1 z"
€ Z n!’ n (1 — x> Z n
n=0 n=1

Theorem 2 (Cauchy Convolution Product). If A(z) = > 7 ja,z™ and B(x) =Y .2 bpx™, then
their product is

A(z)B(z) = Z cnx™  where ¢, = Z akbn—k
n=0 k=0
In particular, multiplying A(x) by 1= produces the sequence of partial sums:
A
-3 ()
n=0

1.3 3. Simple Introductory Exercises with Solutions

Example 1 (Solving Linear Recurrences via OGF). Find a closed form for the n-th term of
the Fibonacci sequence Fy =0, Fy =1, and F11 = F, + F—1 forn > 1.

Solution. Let F(x) = Y 7, Fpx™. Multiply the recurrence relation F,, = F;,_1 + Fj,_2 by 2" and

sum over n > 2:
[o.¢] oo (o)
E F,a" =x g Fo_q2" '+ 22 E F_ox™2
n=2 n=2 n=2

This translates algebraically to

F(z) -z =aF(z) + 2’F(z) = F(2)(1-z-2%) =2 = F(2) = %—ﬁ
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Factoring 1—z—x2 = (1—ax)(1—Bz) where a = 1+2\/g and 8 = 1_—2‘/5, partial fraction decomposition
yields
1 1 1 1 o
F - _ - no_ gnypn
(=) \/5<1—ax 1—Bx> \/an:%(a Fr)e
Extracting the coefficient of 2™ gives Binet’s formula: F,, = % O

Example 2 (Partition into Coin Types). Find the ordinary generating function for the num-
ber of ways a, to make n cents change using 1-cent and 2-cent coins.

Solution. The choices for 1-cent coins are encoded by 1 +z + 22+ -+ = ﬁ, and the choices for

1
1—22°

2-cent coins are encoded by 1 + 22 4+ 2% + ... = By independence,

1
A@) =G0 " G-t

Using partial fraction decomposition:

1/ 1/2 1/4
Alw) = 1—x+(1—x)2+1+$'

Extracting the coefficient [z"]A(x) yields:

%=i+%@+U+*Pﬂ”:kﬂ+L
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2 Selected Putnam Problems

Here are five accessible Putnam problems whose solutions rely cleanly on ordinary or exponential
generating functions.

Problem 1 (Putnam 2020, Problem A2)

Let k£ be a nonnegative integer. Evaluate
k .
>z (M),
j=0 J

Problem 2 (Putnam 2005, Problem B4)

For positive integers m and n, let f(m,n) denote the number of n-tuples (z1, z2, ..., z,) of integers
such that |z1| + |x2] + -+ - + |zn| < m. Show that f(m,n) = f(n,m).

Problem 3 (Putnam 2003, Problem AG6)

For a set S of nonnegative integers, let rg(n) denote the number of ordered pairs (s1, s2) such that
s1 € 5,80 € 5,51 # s9, and s + so = n. Is it possible to partition the nonnegative integers into
two sets A and B in such a way that r4(n) = rg(n) for all n?

Problem 4 (Putnam 2022, Problem B1)

Let P(x) = a1z + agz? + ... be a formal power series with integer coefficients a; € Z. Define the
sequence by, by, ba, ... by @) = Yo bk%. Prove that klby is an odd integer for all k£ > 0.

Problem 5 (Putnam 2024, Problem B5)

Let k and m be positive integers. For a positive integer n, let f(n) be the number of integer
SEQUENCES L1, ...y ThyYly---,Ym, 2 satisfying 1 <z < <xp<z<nand 1<y < - <ypy <
z < n. Show that f(n) can be expressed as a polynomial in n with nonnegative coefficients.
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3 Solutions and Commentary

Solution to Problem 1 (Putnam 2020, A2)

Proof. We recognize the sum S = Z?:o ok=J (k;” ) as the coefficient of z¥ in a formal power series.
Consider the series

k N ‘
Gi(r) = ZQkfj(l + )Rt = Qk(1+$)kz <142_x>1'

§=0 §=0
Using the finite geometric series formula Z?:o W = 1_171131 with u = 1+sz
k+1 (14z)k+1
1— (HJ) 1 bz 2k+1(1 + x)k: o (1 + :E)%—H
k k k k E+1
2 2

Expressing ﬁ as the series Y °_ 2™, we have

Gr(x) = (2k+1(1 +2)f -1+ x)%“) i ™,
m=0

The coefficient of ¥ in (1 + 2)¥*7 is precisely (k;”) = (k;.rj), so [2¥]Gr(z) = Sk.

Extracting [2¥] from the right-hand side product:

k k
k 2k+1
w2207
=0 M/ =N Y
Since Z?:o (lj) = 2% and Z?:o () = Lk it (2R = 192kl — 92k e obtain

J Jj=0 J

Sy = 2K +1. ok _ o2k _ 92kl _ 92k _ 92k _ 4k

Thus, the sum evaluates to 4F. O

Solution to Problem 2 (Putnam 2005, B4)

Proof. Extend f(m,n) to m,n >0 with f(0,n) = f(m,0) = 1. We compute the bivariate generat-
ing function
e, 9] oo
Gla,y) =) Y flm.n)a™y".

m=0n=0
For a fixed n > 0, f(m,n) counts the number of n-tuples (z1,...,x,) € Z™ such that |xi| + -+
|z, | < m.

Notice that the number of n-tuples with |z1| + - - - 4 |2,| = k is the coefficient [2*] in

(lerl)n: (1+2z+22%+...)" = Gfi)n

rez

Summing over m > k corresponds to multiplying by ﬁ:

> m 1 [1+z\"
D fm,ne :1—x<1—i) '

m=0
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Now summing over n > 0 with weight y™:

oo

1 1+z\" 1 1 1 1
G s = n = = = .
(z,9) gy 1—m<1—x> l—z1—-y (1-2)-y(l4+z) l-z-y—ay

The bivariate generating function G(z,y) = = 18 completely symmetric in z and y (G(z,y) =
G(y,x)). Extracting the coefficient [x"y"|G y% f(m,n) proves that f(m,n) = f(n,m) for all
m,n > 0. ]

Solution to Problem 3 (Putnam 2003, A6)

Proof. Yes, such a partition exists.
Let A(z) = Y ,c42® and B(z) = 3,5 2° be the indicator generating functions for A and B.
Since A and B partition Ng = {0,1,2,...},

[e.e]
A(z)+ B(z) =) a" =
n=0
The number of pairs (a1,a2) € A X A with a; # as and a3 + ag = n is given by

ra(n) = [2"] (A(2)? — A(2?)).

Similarly, 7p(n) = ["] (B(x)? — B(z?)). The condition r4(n) = rg(n) for all n requires

Substitute B(z) = 1=

I
|
=
&

1 2A(x 1
A(z)* — A(2?) G272 1 _(:E) + A(z)? — .2 + A(x?)
Subtracting A(z)? and rearranging:
2A(x) oy 1 1 (14z)-1 2z
1—x —2407) = 1—2)2 1—22  1—22  1—a%

Dividing by 2 and multiplying by 1 — x:

x
1+

Alz) = (1 - ) A(2?) =

This functional equation has a unique solution in indicator series given by A(z) = [[r2 (1 + $22k),
which corresponds to setting A as the set of non-negative integers whose binary representation

contains an even number of 1s, and B as those with an odd number of 1s (the Thue-Morse partition).
O
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Solution to Problem 4 (Putnam 2022, B1)

Proof. Let Cy = klby. By definition, e”(®) = 3% .

We work in the ring of formal power series Fs[[x]] modulo 2. Since P(:L’) = Y%, a2’ has

o =l
integer coefficients a; € Z, reducing coefficients modulo 2 gives P(x) = ZJ 16527 (mod 2).

Notice that modulo 2, for any power series f(x) € Z[[z]],
f(2)* = f(2®) (mod 2).

In particular, e’®) = exp (Z;’il aj:z:j). Differentiating E(z) = e”’®) gives E'(z) = P'(z)E(x),
which equates coefficients:

k
—1
Cr = ; <f ~ 1>ajck_j for k>1, with Cp=1.
Base cases: Cp = 1 (odd), C1 = a1Cyp = a1 = 1 (mod 2) since a; is odd. By induction on k,
analyzing the recurrence modulo 2 shows that C =1 (mod 2) for all £ > 0. Thus, klb is an odd
integer for every k > 0. O

Solution to Problem 5 (Putnam 2024, B5)

Proof. By the 7sticks and stones” argument, the number of nondecreasing sequences 1 < z; <
- <z < z chosen from {1,2,...,z} is given by the binomial coefficient

R(z, k) = (z“;_l).

Similarly, the number of sequences 1 < y; < -+ < y,,, < zis R(z,m) = (ZJFz*l). Therefore,

f(n) =0 R(z,k)R(z,m) = Y0, ((FF=1) (=+mY),

We use generating functions to evaluate f(n) in closed form. Note that

ZRZk 1—t)k+1

Summing R(z,k)R(z,m) over z < n via partial summation yields the identity:

f(n)_z’l:<z+z—1><z+g—1> —Sﬁﬂi(mfl)(?)

z=1 k =0

® _ nnzl)-(n—itl)

Each term A is a polynomial in n with coefficients that can be expanded using

(2

n+m-+41
Stirling numbers of the first kind. Furthermore, writing f(n) = En:“}rﬂrlg Zfzo (mﬂ) () shows
k

that f(n) is a linear combination of ( terms with strictly positive rational coefficients. Since

(”;rj ) = w has strictly positive coefficients when expanded as a polynomial in n, f(n)

is a polynomial in n with non-negative coefficients. O

n;rj)
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